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ABSTRACT: We consider, in de Sitter spacetime, both freely falling and static two-level
atoms in interaction with a conformally coupled massless scalar field in the de Sitter-
invariant vacuum, and separately calculate the contributions of vacuum fluctuations and
radiation reaction to the atom’s spontaneous excitation rate. We find that spontaneous
excitations occur even for the freely falling atom as if there is a thermal bath of radiation
at the Gibbons-Hawking temperature and we thus recover, in a different physical context,
the results of Gibbons and Hawking that reveals the thermal nature of de Sitter spacetime.
Similarly, for the case of the static atom, our results show that the atom also perceives
a thermal bath which now arises as a result of the intrinsic thermal nature of de Sitter
spacetime and the Unruh effect associated with the inherent acceleration of the atom.
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1. Introduction

Spontaneous emission is one of the most interesting problems in the interaction of atoms
with quantum fields and so far mechanisms such as vacuum fluctuations [il, B, radiation
reaction [fj], or a combination of them [} have been put forward to explain why sponta-
neous emission occurs. The controversy arises because of the freedom in choices of ordering
of commuting operators of atom and field in a Heisenberg picture approach to the problem
and was resolved when Dalibard, Dupont-Roc and CohenTannoudji(DDC) argued in Ref.[f]
and Ref.[f]] that there exists a symmetric operator ordering that renders the distinct con-
tributions of vacuum fluctuations and radiation reaction to the rate of change of an atomic
observable separately Hermitian. If one demands such an ordering, each contribution can
possess an independent physical meaning. The DDC formalism resolves the problem of
stability for ground-state atoms when only radiation reaction is considered and the prob-
lem of “spontaneous absorption” of atoms in vacuum when only vacuum fluctuations are
taken into account. Using this formalism one can show that for ground-state atoms, the
contributions of vacuum fluctuations and radiation reaction to the rate of change of the
mean excitation energy cancel exactly and this cancellation forbids any transitions from
the ground state and thus ensures atom’s stability. While for any initial excited state, the
rate of change of atomic energy acquires equal contributions from vacuum fluctuations and
from radiation reaction.

Recently, there has been a great deal of interest in the application of the DDC for-
malism to accelerated atoms and those in the background of a black hole [[j—[J]. These
studies reveal intriguing relationships between spontaneous excitation of an atom and the
Unruh effect as well as the Hawking radiation. In a flat spacetime, the spontaneous ex-
citation of a uniformly accelerated atom in interaction with vacuum scalar [fi, §, [L1]] and
electromagnetic fields [f, [[(] has been studied. It is found that for a ground state atom in
uniformly accelerated motion through the Minkowski vacuum, there is no longer perfect



balance between vacuum fluctuations and radiation reaction. As a result, the spontaneous
excitation rate of the atom is nonzero and furthermore the rate is exactly what one would
obtain assuming the existence of a thermal bath at the Unruh temperature. Inspired by an
equivalence principle-type argument, the spontaneous excitation rate of atoms in interac-
tion with a massless scalar field in an interesting kind of curved spacetimes, i.e., the curved
background of a black hole, has recently been studied [[3, [[J], in both the Hartle-Hawking
vacuum and Unruh vacuum. The results obtained may be considered as providing a dif-
ferent approach to derivation of the Hawking effect, since they show that a static atom in
the exterior of a black hole would spontaneously excite as if immersed in a thermal bath
of Hawking radiation.

As natural step forward, we are interested, in the present paper, in the spontaneous
excitation of atoms in yet another kind of special curved spacetime—de Sitter spacetime.
De Sitter spacetime, being maximally symmetric, enjoys an important status among the
curved spacetimes similar to that of Minkowski spacetime, and more importantly, it has
attracted a surge of renewed interest in recent years for the following reason: First, recent
observations, together with the theory of inflation, suggest that our universe may approach
de Sitter geometries in both the far past and the far future, and second, there may exist a
holographic duality between quantum gravity on de Sitter spacetime and a conformal field
theory living on the boundary identified with the timelike infinity of de Sitter spacetime [[L4].
Therefore, it is certainly of interest to examine the spontaneous excitation of atoms in this
spacetime and this is what we plan to do in the present paper. Using the DDC formalism,
we will calculate the spontaneous excitation rate of both a freely falling atom and a static
one with an inherent acceleration in interaction with vacuum fluctuations of quantized
massless conformally coupled scalar fields in de Sitter spacetime. Let us note that the
quantization of scalar fields in this spacetime has been extensively studied in the literature
@£

When vacuum fluctuations are concerned in a curved spacetime, one first has to specify
the vacuum states. The vacuum states in de Sitter spacetime can be classified into two
categories: one is the de Sitter-invariant states, the other states are those which break de
Sitter invariance [R1]. Generally, the de Sitter-invariant vacuum, whose status in de Sitter
space is just like Minkowski vacuum in the flat space, is deemed to be a natural vacuum. So,
we will investigate the spontaneous excitation of atoms in interaction with a conformally
coupled massless scalar field in the de Sitter-invariant vacuum. We will show that for an
atom moving on a timelike geodesic (freely falling), the spontaneous excitation rate is what
one would expect if the atom were in a thermal bath of radiation at the Gibbons-Hawking
temperature [P5]. While for a static atom in the de Sitter-invariant vacuum, we find that it
also may spontaneously excite as if immersed in a thermal bath at a temperature equal to
the square root of the sum of the squared Gibbons-Hawking temperature and the squared
Unruh temperature associated with the inherent acceleration of the atom.

It is worth pointing out that the difference between analyzing the spontaneous excita-
tion of atoms using the DDC formalism as we do in the current paper and similar previous
calculations of the response of model detectors in de Sitter spacetime [[[5, RH] lies in that
our discussions provide a physically appealing interpretation of the thermal response of the



detector, i.e., a transparent illustration for why the detector clicks, since the spontaneous
excitation of the atoms can be considered as the actual physical process that is actually
taking place inside a model detector revealing the thermal nature of de Sitter spacetime.

2. The general formalism

We consider a pointlike two-level atom in interaction with a conformally coupled massless
scalar field in de Sitter spacetime and assume that the atom has a stationary trajectory
x(7), where 7 denotes the proper time on the trajectory. This stationary trajectory guar-
antees that the atom has stationary states, |—) and |+), with energy —%wo and %wo. The
atom’s Hamiltonian with respect to its proper time 7 can be written as [Rg]

Ha(T) = woR3(7) , (2.1)

where R3(0) = 3|+)(+| — 3|-)(—|. The free Hamiltonian of the quantum scalar field is

(2.2)
where a}% and aj denote the creation and annihilation operators with momentum k. The
Hamiltonian that describes the interaction between the atom and the quantum field is

given by [f]

Hi(7) = pRa(7)(x(7)) - (2.3)

Here 4 is a coupling constant which we assume to be small, Ro(0) = 1i[R_(0) — R4(0)],

where R1(0) = |[4+)(—| and R_(0) = |—)(+]|. ¢(x) is the scalar field operator in de Sitter
spacetime and it satisfies the wave equation

(V. V¥ +m? +ER)p =0, (2.4)

where m is the mass of the scalar field, £ is a coupling constant and R is the scalar curvature.
The coupling is effective only on the trajectory of the atom.

Then we can write down the Heisenberg equations of motion for the dynamical variables
of the atom and field from the Hamiltonian H = H4 + Hp + H;. The solutions of the
equations of motion can be split into the two parts: a free part, which is present even in the
absence of the coupling, and a source part, which is caused by the interaction of the atom
and field. We assume that the initial state of the field is the de Sitter-invariant vacuum
(also known as Euclidean or Bunch-Davies vacuum [[[f]) |0), and the atom is prepared
in the state |a), which may be |+) or |—). Choosing a symmetric ordering between the
atom and field variables, we can separate the two contributions of vacuum fluctuations and
radiation reaction to the rate of change of (H4) ( cf. Refs. [, |, H] ),

dHa(T) = 2z',u2/ dT/CF(l‘,l’,)iXA(T, ), (2.5)
dr VE o dr
dHA(T) o 2 T i / d A !
< I >RR = 2iu /TO dr'x” (z,x )dTC (r,7"), (2.6)



where |) = |a, 0) represents the atom in the state |a) and the field in the de Sitter-invariant
vacuum state |0). They are expressed in terms of the statistical functions of the free part
of the atom’s variable, Rg

CA(r,7') = S{al{BE(r), R () Ha) (27)

A7) = Sl [RY(), BE()] la) (2.9

CF (a(r),2(1)) = %(Ol{éf(rc(ﬂ),¢f(fc(7’))}!0> ) (2.9)
X (), a(r") = %(OIW(:C(T)),¢f(fc(7’))]!0> : (2.10)

CF (C4) is called the symmetric correlation function of the field (atom), x* (x4) its linear

susceptibility. The explicit forms of the statistical functions of the atom are given by
CA(r,7') = %Z|(a|R§ (0)|b>|2<ewab<f-f’> +e—w<f-f’>> : (2.11)
b
A7) = 5 Sl REO (et et ) (2.12)
b
where wgp = w, — wp and the sum extends over a complete set of atomic states.

3. Spontaneous excitation of a freely falling atom in de Sitter spacetime

In this Section we will consider a freely moving atom interacting with a conformally coupled
massless scalar field in de Sitter spacetime. As is well known, different coordinates systems
can be used to parameterize de Sitter spacetime [[5§]. The rate of change of the atomic
energy is a scalar and should be independent of the coordinates. Here we choose to work
in the global coordinate system, in which the line element is expressed as

ds? = dt* — a* cosh?(t/a)[dx? + sin? x(d6? + sin? 0dp?)] . (3.1)

Here a = 3/2A71/2 where A is the cosmological constant, and the scalar curvature R =
1202, The canonical quantization of a massive scalar field with this metric has been dealt

with in Refs. [15, [§, Bd-RZ. In coordinates (B.I]), the wave equation (R.4) for a massive

scalar field becomes

1 0 t 0 A
g WL =)= 2 R] =0, 3.2
[coshgt/aat (COS o 8t> a2 cosh?t/a e ER| ¢ (32)

where the Laplacian

1 9 0 1 0 0 1 92
sin? y [8){ <Sm Xax> * sin 6 00 (Sln&(%) + sin2 6 &pz} (3.3)




From (B.2) one can get the eigenmodes, and define a de Sitter-invariant vacuum. Then the
Wightman function can be written as [29]

1 - /3 3 1— Z(x,2)
GHa(r)ar) =~ oz i P340 -mn ) )

where F' is a hypergeometric function, and

/ /
/ . .
Z(x,2') = sinh — sinh — — cosh — cosh — cos Q
a e a e

cos Q = cos x cos X’ + sin y sin x[cos § cos §’ + sin O sin &’ cos(p — )]’ ,

9 12, ., 12
v=17- E(m + §R)} . (3.5)
In the massless, conformally coupled limit, for a freely falling atom, the Wightman function
becomes
1

Gt (z(1),z(7")) = — ; . 3.6
() =(m))) 16202 sinh? (755 — de) (3:6)

Then the statistical functions of the field, (R.9) and (R.10), can be obtained

1 1 1
CFz(r),z(7)) = — y + , 3.7
(@(7), () 32m2a? sinhz(% — ig) smh2( i£) (37)
1
X (@(7),2(r)) = Wy(T—T/) : (3.8)
4 cos(=55—)

With a substitution u = 7—7/, the contributions of vacuum fluctuations (P.§) and radiation
reaction (R.6) to the rate of change of the atomic energy read

dH (1) f 2/+ 1 1 )
- wl(alRL(0)]b d I iwapu
< dr >VF 327?20z2 Zw ol (al 7 (0)[0)] “ SinQ(% +¢) sin?(& —¢) c

2a
(3.9)

and

TWa bW

Hatr) _—ﬁ wap|(a| RS 2 [T ue "(u
< dr >RR— 4”%: abl( |R2(0)|b>|/ d COS(%)a( ), (3.10)

—00

where we have extended the range of integration to infinity for sufficiently long times 7 — 7.
With the help of residue theorem, we can evaluate the integrals to get

Wa >Wh

— > W l(alR(0) yW(wﬁH)] (3.11)

wWq <wp

for the contributions of vacuum fluctuations to the rate of change of atomic energy, and

dHa(r)\  _ p°
(Fo) (X hlarmE+ Y GleRonE)  Gr)

Waq >Wp Waq <wp



for that of radiation reaction. Comparison with the case of an inertial atom in the
Minkowski vacuum [[f] shows that the contribution of radiation reaction to the rate of
change of the atomic energy is the same as that in the flat spacetime, and thus is indepen-
dent of the spacetime curvature. But the contribution of vacuum fluctuations is modified
by the appearance of a thermal like term. Adding up the contributions of the vacuum
fluctuations (B.11]) and radiation reaction (B.19) we arrive at the total rate of change of the
atomic energy:

@%$§m:—§[§p&mmewQ+ga%tﬁ

Wa >Wp

—Zdw@w%—iﬁ. (3.13)

27Ta‘wab| — 1
Waq <wp €

For an atom in its ground state in the de Sitter-invariant vacuum, there is a positive
contribution. So the atom spontaneously excites, just as if it were in a bath of blackbody
radiation at the temperature T = 1/2w«, which is exactly the temperature found by
Gibbons and Hawking [RJ] by examining the response of a freely moving particle-detector
in de Sitter spacetime. We therefore recover, in a different physical context, the results
of Gibbons and Hawking that reveals the thermal nature of de Sitter spacetime [R§]. It
should be pointed out that since the cosmological constant is a very small number, so the
temperature 1" is insignificant in terms of the experimental observation.

4. Spontaneous excitation of a static atom in de Sitter spacetime

Now, we will calculate the spontaneous excitation rate of a static atom in de Sitter space-
time interacting with a conformally coupled massless scalar field in the de Sitter-invariant
vacuum. For this purpose, it is convenient to work in the static coordinate system in which
the line element is written as

2 2\ —1
ds® = <1 — r—2>df2 — <1 - T—2> dr® — r2(d#* + sin® 0dy?) . (4.1)
a a

This metric possesses a coordinate singularity of the type of an event horizon at r = «. The
coordinates (£, 7,6, ) only cover part of de Sitter spacetime, just like the Rindler wedge.
For an atom at rest in the static coordinates system, its inherent acceleration is

a=— <1 T2>_1/2. (4.2)

T az\ a2
The static coordinates are related to the global coordinates by
r = acosh(t/a)siny , tanh(f/a) = tanh(t/a)secy . (4.3)

It should be noted that the worldlines of observers in the global and static coordinates
coincide at r = 0 and xy = 0 and an atom at rest in the static coordinates with r £ 0 will
be accelerated with respect to an atom at rest in the global coordinates with x = 0. In



the static de Sitter metric (J.I]), one can obtain a complete set of mode solutions of (.4)
B3, B4}, and chooses a de Sitter-invariant vacuum. Then the Wightman function for a
massless conformally coupled scalar field is given by [27,

1 h(Z") cosh(Z
G+ (@(r).2(r") = — gt ) (4.4
8ma” cosh(=E — de) — cosh(Z=E)
where
o, a+r
=1 4.
" 2 a-r (45)
For a static atom, Eq. (4) becomes
1
Gt (z(r),z(m)) = — - , 4.6
(z(r),z(r"))) 1672 sinh2 (5 — ) (4.6)
where kK = a,/goo, and we have used the definition
AT = w/go(]AE . (47)
One can then show that
1 1 1
cF(x cx(t)) = — v + y 4.8
(@(7), () 3212 K2 sinhQ(T;: —ig) sinhz(% + ie) (4.8)
]
(alr).a(r) = —— (7). (49)
4 cos(—5-—)

With the statistical functions given, we can compute the contributions of the vacuum
fluctuations and radiation reaction to the rate of change of the atomic energy to get

Waq >Wp

- ¥ Al (14 )| @10

e27r’i|wab| —1
wWq <wp

and

dHa(r)\ 4’
(T}~ (X AR OBE + Y hlaROBE) . @

Wa >Wp wa <wp

Adding up the contributions of the vacuum fluctuations (. 10) and radiation reaction ({.11)
we obtain the total rate of change of the atomic energy:

@%g§m:—§[zp&mewa+gm%tﬁ

Wa >Wh

—Zdw@w%—iﬁ. (4.12)

27K |wap|
e abl — 1
Wa <Wp



The above calculations show that the contribution of radiation reaction to the spontaneous
excitation rate is independent of the spacetime curvature and the acceleration. From
Eq. (f.13) we can see that for a static atom with an inherent acceleration in its ground
state in the de Sitter-invariant vacuum, there is a positive contribution to the spontaneous
excitation rate. Thus transitions from ground state to the excited states become possible,
and they occur just as if the atoms were immersed in a thermal bath at the temperature

1 1
T= = . (4.13)
2tk 2m\/goocx
It is interesting to note that the above temperature can be written in the form
1\? a\?
T? = — — | =T, +TE. 4.14
<27m> + (277) Ge t1u (4.14)

The first spacetime curvature dependent term in the above equation is the squared Gibbons-
Hawking temperature of de Sitter spacetime, which is the temperature of thermal radiation
as perceived by a freely falling atom, and the second acceleration dependent term is the
squared Unruh temperature which arises as a result of the Unruh effect. Thus, the thermal
radiation as felt by a static atom in de Sitter spacetime is a combination of two different
effects. One arises from the thermal nature of de Sitter spacetime itself and is characterized
by the Gibbons-Hawking temperature and the other from the acceleration induced thermal
effect characterized by the Unruh temperature. This is quite similar to what happens for
a static atom outside a black hole, where one finds that both the Hawking effect and the
Unruh effect contribute to the bath of thermal radiation encountered by the atom [[[2, [L3],
although the detailed relationship is different. Relation Eq. (f.14)) agrees with the result
obtained in other different physical contexts [RY, Bl]. Let us note that 7' diverges as r
approaches « as a consequence of the blowup of Ty. The reason is that to hold the atom
static at the event horizon, an infinite inherent acceleration is needed.

5. Summary

We have studied, using the DDC formalism, the spontaneous excitation of a two-level
atom interacting with a conformally coupled massless scalar field in the de Sitter-invariant
vacuum in de Sitter spacetime, and separately calculated the contributions of vacuum
fluctuations and radiation reaction to the rate of change of the atomic energy. Both the
case of a freely falling atom and that of a static atom have been considered.

Remarkably, for a freely falling atom, we find a nonzero excitation rate, which is
exactly what one would obtain if there is a bath of thermal radiation at the Gibbons-
Hawking temperature. We therefore recover, in a different physical context, the results of
Gibbons and Hawking that reveals the thermal nature of de Sitter spacetime [RF].

For a static atom, our results show that the atom also perceives a thermal bath of
radiation which is now a combined result of the Gibbons-Hawking effect of de Sitter space-
time and the Unruh effect associated with the inherent acceleration the atom must have in
order to be static. An interesting feature in contrast to the case of a static atom outside



a black hole [[3, [[J] is that the temperature of thermal bath as perceived by the static
atom in de Sitter spacetime is the square root of the sum of the squared Gibbons-Hawking
temperature and the squared Unruh temperature associated with the inherent acceleration
of the atom.

Finally, It should be pointed out that we have only considered the de Sitter invariant
Bunch-Davies states, and it, therefore, remains interesting to see whether the thermal
response will still be present when the vacuum states are replaced by a wider class of states

as those considered in Refs. [B1, BJ.
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